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Born cross section with decay effects
From yesterday’s lecture: the Born cross section for
q(pa)q̄(pb) → γ∗(q) → e−(p1)e

+(p2) is

dσ

dQ2dydΩ
=

1

16πN2
cs

Q2

(Q2 −M2
V )2 + Γ2

V Q4/M2
V

×
X

j,k̄=u,ū,d,d̄,...

(
(f2

R + f2
L)(g2

L,jk̄
+ g2

R,jk̄
)(1 + cos2 θ∗) [qj(xA)qk̄(xB) + qk̄(xA)qj(xB)]

+(f2
R − f2

L)(g2
L,jk̄

− g2
R,jk̄

)(2 cos θ∗) [qj(xA)qk̄(xB)− qk̄(xA)qj(xB)]

)

¥ The (1 + cos θ2∗) dependence
confirms the vector (spin-1) nature of
low-Q Drell-Yan process

Let’s derive it!
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Derive the LO cross section for a spin-1 boson

Traditional path

Lagrangian⇒Feynman rules ⇒∑
spin |M|2⇒Tr (γα1 ...γαn)⇒cross section

Helicity amplitudes

Lagrangian⇒”Feynman rules” for helicity
amplitudes⇒M⇒∑

spin |M|2⇒ cross section

¥ Efficient computation of tree diagrams
¥ can be applied to 1-loop and 2-loop
calculations (not discussed here)

Feynman Rules
� Quark Propagator

i; � j; �p i(6p+m)��p2�m2+i�Æij
 (i,j=1,2,3)

Take m=0 in
our calculation

� Gluon Propagator
�; a �; bk i(�g��)k2+i� Æab

(a,b=1,2...,8)� Quark-W Vertex i; �j; �W� i gWp2(�)�� (1�5)2 Æijgw = esin �w , weak oupling� Quark-Gluon Vertex i; �; � j; �G �ig (t)ji (�)��t is the SU(N)N�N generator� Quark Color Generators[ta; tb℄ = ifabtX t2 = CF IN�N CF = N2 � 12N = 43 , (N = 3)Tr(X t2 ) = N CF
¥ Many excellent reviews, e.g., Mangano, Parke, Phys. Rep. 200, 301;
Dixon, hep-ph/9601359
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Symmetries of the minimal Standard Model
Forces between particles emerge from the local
SU(3)c ⊗ SU(2)L ⊗ U(1)Y symmetry of the quantum Lagrangian,
broken as SU(2)L ⊗ U(1)Y → U(1)EM by interaction with Higgs
scalar field doublet(s)

Spin-1 fields
(force
carriers)

¥ photons Aµ (electromagnetism)

¥ massive bosons W±µ, Zµ (weak force)

¥ gluons Ga,µ (strong force)

Spin-1/2
fields ψf

(matter
fields)

Charge
QCD QED Weak

quarks u, d, s, c, b, t yes yes yes
charged leptons e, µ, τ no yes yes

neutrinos νe, νµ, ντ no no yes
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The interaction Lagrangian

LSM
int = i

∑

j,k

∑

V

ψj [(1 + γ5)gR,jkV + gL,jkV (1− γ5)] γ
µVµψk,

where

¥ ψj are fermion mass eigenstates

I (γµ
pµ −mj)ψj = 0; j, k run over all quark and lepton flavors

I the weak and mass eigenstates for down-type quarks and
neutrinos are related as




d′

s′

b′


 = V CKM




d
s
b


 , V CKM

(
V CKM

)†
= 1




νe

νµ

ντ


 = V MNS




ν1

ν2

ν3


 , V MNS

(
V MNS

)†
= 1

V CKM , VMNS : mass mixing (Cabibbo-Kobayshi-Maskawa and Maki-
Nakagawa-Sakata) matrices
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The interaction Lagrangian

LSM
int = i

∑

j,k

∑

V

ψj [(1 + γ5)gR,jkV + gL,jkV (1− γ5)] γ
µVµψk,

where

¥ V = Aµ, Gµ, W±µ, Zµ

I Gµ ≡ Ga
µT

a, T a is the SU(3)C generator matrix (TrT aT b = δab/2)

¥¥ gL,jkV , gR,jkV : boson couplings to left- and right-handed
fermions
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The interaction Lagrangian

LSM
int = i

∑

j,k

∑

V

ψj [(1 + γ5)gR,jkV + gL,jkV (1− γ5)] γ
µVµψk,

where

Fermions Quarks Leptons
Isospin I3 = 1/2: u, c, t ν1, ν2, ν3

I3 = −1/2: d, s, b e−, µ−, τ−

gL,jkG = gR,jkG g
δjk

2 0

gL,jkA = gR,jkA eej
δjk

2 ,
ej ≡ I3 + 1/6 ej ≡ I3 − 1

2

gL,jkW + = g∗L,kjW−
V CKM

jk gW

2
√

2

V MNS
jk gW

2
√

2

gR,jkW + = g∗R,kjW− 0

gL,jkZ
gW

2cW
(I3 − ejs

2
w)δjk

gR,jkZ − gW

2cW
ejs

2
W

g =
√

4παS ,
e ≡ √

4παEM ,
e = gW sin θW ,
cW ≡ cos θW ,
sW ≡ sin θW
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Calculation of M (
q(pa)q̄(pb) → `(p1)¯̀(p2)

)
1. Crossing

pb
q

pa

p1

p2

k4

k3

k2

k1

Compute M in an auxiliary process `(k1)¯̀(k2)q(k3)q̄(k4) → 0 to
simplify the algebra; cross to the physical channel
q(pa)q̄(pb) → `(p1)¯̀(p2) at the very end

¥ Denote kµ
1,2 = −pµ

1,2, k
µ
3,4 = pµ

a,b;

¥ Assume m2
i = 0, i = 1, .., 4

¥ Particle spins are si ≡ λi/2, λi = ±1

¥ Convenient notation: {ki, λi} ≡ kλi
i
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Calculation of M (
q(pa)q̄(pb) → `(p1)¯̀(p2)

)
2. Color decomposition

¥ Decompose M into a sum of products of color SU(Nc) factors
(T a1 ...T an)c1cn+1

and kinematical partial amplitudes
A4(k

λ1
1 , k

λ2
2 , k

λ3
3 , k

λ4
4 )

N trivial in our case:

M
(
`(kλ1

1 ), `(kλ2
2 ), qc3(kλ3

3 ), q̄c4(kλ4
4 )

)
= Ic3c4A4(k

λ1
1 , k

λ2
2 , k

λ3
3 , k

λ4
4 )

TrI = Nc

N general formulas are given in the above references

¥ An(1...n) satisfy several helpful symmetries, which drastically
reduce the number of independent amplitudes

An(1, 2, ..., n) are gauge-invariant
An(1, ..., n) = (−1)nAn(n, n− 1, ...1) (reflection identity)

An(1±, 2+, ...., n+) = 0 (effective supersymmetry)
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Massless spinor formalism in 4 dimensions
In the massless case, only 2 out of 4 components of the Dirac
spinor field ψ(k, λ) are independent

Introduce two 4-spinors |ki±〉 ≡ |i±〉:
|i±〉 = u(ki,±1) = v(−ki,∓1), 〈i± | = u(ki,∓1) = v(−ki,±1);
1
2(1± γ5)|i±〉 = |i±〉; 〈i± |12(1∓ γ5) = 〈i± |
On-shell conditions

ki/|i±〉 = 〈i± |ki/ = 0; ki/ = |i+〉〈i+ | + |i−〉〈i− |
Spinor products

〈i− |j+〉 ≡ 〈ij〉; 〈i+ |j−〉 ≡ [ij]

〈ij〉∗ = [ji]

〈ij〉[ji] = 2ki · kj ≡ sij

Tree amplitudes are rational functions of 〈ij〉 and [ij]
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Some identities for spinor products
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Exercises
1. In Weyl representation,

γ0 =

(
0 I
I 0

)
, ~γ =

(
0 −~σ
~σ 0

)
, γ5 =

(
I 0
0 −I

)
,

σi (i = 1, 2, 3) are 2× 2 Pauli matrices. The massless spinors satisfy

|p+〉 =

(
ξ+(p)

0

)
, |p−〉 =

(
0

ξ−(p)

)
;

〈p+ | =
(

0 ξ†+(p)
)
, 〈p− | =

(
ξ†−(p) 0

)
,

where ξλ(p) is a 2-component spinor for a massless fermion with
momentum p and helicity λ, normalized by ξ†λ1

(p)ξλ2
(p) = 2p0δλ1λ2 .

Show that some spinor products vanish:

〈p± |q±〉 = 〈p± |γµ|q∓〉 = 0.

Consequence for our calculation: the only non-vanishing LO
amplitudes are M(+−+−),M(+−−+),M(−+ +−),M(−+−+)

Pavel Nadolsky (SMU) CTEQ summer school July 13, 2011 10



LO cross section NLO Resummation

Exercises

2. One possible representation for ξ±(p) is

ξ±(p) = 21/4

( ±
√
p±e−iϕP /2√
p∓eiϕp/2

)
,

where I introduced light-cone coordinates for p,

p± ≡ p0 ± p3

√
2

, ~pT =
{√

2p+p− cosϕp,
√

2p+p− sinϕp

}
.

We have p2 = 2p+p− − p2
T = 0, p · q = p+q− + q+p− − ~pT · ~qT , etc.

(a) Check that ξ†λ1
(p)ξλ2

(p) = 2p0δλ1λ2 .

(b) Prove antisymmetry, Gordon identity, Fierz rearrangement on
slide 9
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Partial amplitudes

The rule

〈p± |γµ|q∓〉 = 0

reflects chirality conservation in the ψ̄ V/ψ vertex:

=

L

R

= 0,

+

+

=

R

L

= 0

−

−

This condition and effective supersymmetry of massless QCD,

An(1±, 2+, ...., n+) = 0,

imply that the only non-vanishing LO amplitudes are
A4(+−+−), A4(+−−+), A4(−+ +−), A4(−+−+).
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Partial amplitudes

4
−

2
−

3
+

1
+

gR,34 gR,12

Denote the couplings as gP,12 ≡ fP and gP,34 ≡ gP

for P = L,R

A4(+−+−) = − i

q2 −M2
V

fRgR〈4 + |γµ|3+〉〈2 + |γµ|1+〉

= − i

q2 −M2
V

gR,12gR,34[42]〈13〉

A4(+−−+) = − i

q2 −M2
V

fLgR[41]〈23〉

A4(−+ +−) = − i

q2 −M2
V

fRgL[32]〈14〉

A4(−+−+) = − i

q2 −M2
V

fLgL[31]〈24〉
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Spin sum

∑

spin

|A4|2 =
1(

q2 −M2
V

)2

(
(f2

Rg
2
R + f2

Lg
2
L)s42s13

+ (f2
Rg

2
L + f2

Lg
2
R)s41s23

)

=
1(

q2 −M2
V

)2

(
(f2

Rg
2
R + f2

Lg
2
L)s213

+ (f2
Rg

2
L + f2

Lg
2
R)s214

)
,

where I used

〈ij〉[ji] = 2pi · pj = sij ,

s12 = s34, s13 = s24, s14 = s23
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A rest frame of the vector boson
Return to the physical channel and consider the rest frame of V :

pa =
Q

2
(1, 0, 0, 1) ; pb =

Q

2
(1, 0, 0,−1) ;

p1 =
Q

2
(1, 0, 0, cos θ∗) ; p2 =

Q

2
(1, 0, 0,− cos θ∗) ;

For q(pa)q̄(pb) : pa = −k3, pb = −k4

For q̄(pa)q(pb) : pa = −k4, pb = −k3

|M|2 =
1(

q2 −M2
V

)2

Q4

4Nc

[
(f2

R + f2
L)(g2

L + g2
R)(1 + cos2 θ∗)

+ εqq̄(f
2
R − f2

L)(g2
L − g2

R)(2 cos θ∗)

]
,

εqq̄ = 1 (−1) for qq̄ (q̄q)
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Inclusive kinematics of the lepton pair
The momenta pµ

1 , p
µ
2 are fully specified by

¥ the mass Q, transverse momentum
QT , rapidity y = 1

2 ln( q0+q3

q0−q3 ) of the
intermediate boson V in the lab frame

¥ angles θ∗ and ϕ∗ of lepton momenta
in the special rest frame of V
(Collins-Soper frame)

d3~p1

2p0
1

d3~p2

2p0
2

=
1

8
d4q d cos θ∗dϕ∗︸ ︷︷ ︸

dΩ

=
π

16
dQ2dydQTdΩ

O

A

C

B

Collins−Soper frame

p
A Z

X

Y

−p

p
1

p
2

B
ϕ

∗
∗

θ

p1 = (Q/2)(1, sin θ∗ cosϕ∗, sin θ∗ sinϕ∗, cos θ∗)

px
A, px

B ∝ −QT

p2 = (Q/2)(1,− sin θ∗ cosϕ∗,− sin θ∗ sinϕ∗,− cos θ∗)

py
A = py

B = 0
∡AOB = ∡BOC

At Born level, QT = 0
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Covariant definitions for QT and y

Exercise. Convince yourself that y and QT can be introduced in
a covariant form as

y =
1

2
ln(
pB · q
pA · q ),

Q2
T = −qtµqµ

t , with

qµ
t ≡ qµ − (pA · q)

(pA · pB)
pµ

B −
(pB · q)
(pA · pB)

pµ
A

As a result, they can be a part of the Lorentz-invariant phase
space
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Born cross section with decay effects

Combining |M|2 with the phase space element and appropriate
PDFs, obtain the full result:

dσ

dQ2dydΩ
=

1

16πN2
cs

Q2

(Q2 −M2
V )2 + Γ2

V Q4/M2
V

×
X

j,k̄=u,ū,d,d̄,...

(
(f2

R + f2
L)(g2

L,jk̄
+ g2

R,jk̄
)(1 + cos2 θ∗) [qj(xA)qk̄(xB) + qk̄(xA)qj(xB)]

+(f2
R − f2

L)(g2
L,jk̄

− g2
R,jk̄

)(2 cos θ∗) [qj(xA)qk̄(xB)− qk̄(xA)qj(xB)]

)
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NLO cross section

Virtual contributions

In the first approximation,
rescale the LO cross section; do
not affect LO kinematics

σNLO
tot ∼

[
1 + αs

2πCF (1 + 4π2

3 )
]
σLO

tot

∼ [1 + 3.005αs]σ
LO
tot

Keep photon’s QT = 0

2 → 3 contributions

Generate QT 6= 0, non-trivial
θ∗, ϕ∗ dependence
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¥ Treatment of collinear logarithms introduces dependence on the
factorization scheme

¥ Residual soft logarithms in differential distributions may require
resummation to all orders in αs
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A quiz on W boson kinematics
Consider AB → (W+ → e+νe)X decay in the lab frame.
The most probable transverse momentum QT of the W boson is

a) QT =
√
s/2

b) QT = |~pe
T |+ ET\

c) QT = 0

d) QT = 2− 5 GeV,
depending on

√
s
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A quiz on W boson kinematics
Consider AB → (W+ → e+νe)X decay in the lab frame.
The most probable transverse momentum QT of the W boson is

a) QT =
√
s/2

b) QT = |~pe
T |+ ET\

c) QT = 0

d) QT = 2− 5 GeV,
depending on

√
s

QT (GeV)

pp -> W+

E = 500 GeV
CTEQ5M

d
  /

d
Q

T
 (

p
b

/G
eV

)
σ

The LO condition QT = 0 (corresponding to no QCD radiation) is never
realized because of self-suppression of very soft QCD contributions (Su-
dakov suppression). To predict dσ/dQT at QT ¿ Q ∼ MW , one needs to
resum such soft contributions to all orders in αS .
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Factorization for one-scale cross sections
Scale dependence of the renormalized QCD charge g(µ) and
fermion masses mf (µ):

µ
dg(µ)

dµ
= β(g(µ)), µ

dmf (µ)

dµ
= −γm(g(µ))mf (µ)

The RG equations predict that αs(µ) → 0 and mf (µ) → 0 as µ→∞
These features are employed to prove factorization for inclusive
Drell-Yan cross sections (Bodwin, PRD 31, 2616 (1985); Collins, Soper, Sterman, NPB 261, 104 (1985);

B308, 833 (1988)):

dσ(Q, {mf})
dτ

=
X

a,b

Z 1

xA

dξA

Z 1

xB

dξB

dbσ
“

Q
µ

, τ
ξAξB

, {mf = 0}
”

dτ
fa/A(ξA, µ)fb/B(ξB , µ)

+O
“n

m2
f/Q2

o”

assuming µ ∼ Q ∼ √
sÀ {mf},ΛQCD
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Factorization for one-scale cross sections

dσ(Q, {mf})
dτ

=
X

a,b

Z 1

xA

dξA

Z 1

xB

dξB

dbσ
“

Q
µ

, τ
ξAξB

, {mf = 0}
”

dτ
fa/A(ξA, µ)fb/B(ξB , µ)

+O
“n

m2
f/Q2

o”

¥ The hard cross section σ̂ is infrared-safe: lim{mf→0}σ̂({mf}) is
finite and can be computed as a series in αs(µ)

¥ Collinear logarithms are subtracted from σ̂ and resummed in
f(ξ, µ) using DGLAP equations

¥ Soft-gluon singularities in σ̂ vanish when the sum of all
Feynman diagrams is integrated over all phase space
(Kinoshita-Lee-Nauenberg theorem)
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Factorization for QT distributions (two scales)
¥ Differential distributions may still contain integrable soft singularities of the

type αk
s lnm(Q2/pi · pj), e.g., L ≡ ln(Q2/Q2

T ) À 1:

dσ

dQ2dy dQ2
T

˛̨
˛̨
˛
QT→0

≈ 1

Q2
T

n

αS (L + 1)

+ α
2
S

“
L

3 + L
2 + L + 1

”

+ α
3
S

“
L

5 + L
4 + L

3 + L
2 + L + 1

”

+ . . .
o

.

The purpose of QT resummation is to reorganize this series as

dσ

dQ2dy dQ2
T

˛̨
˛̨
QT→0

≈ 1

Q2
T

n
αSZ1 + α2

SZ2 + . . .
o

,

where αn+1
S Zn+1 ¿ αn

SZn:

αSZ1 ∼ αS (L + 1) + α
2
S (L3 + L

2) + α
3
S (L5 + L

4) + . . . |A1, B1, C0 ;

α
2
SZ2 ∼ α

2
S (L + 1) + α

3
S (L3 + L

2) + . . . |A2, B2, C1 ;

α
3
SZ3 ∼ α

3
S (L + 1) + . . . |A3, B3, C2 .

. . .
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QCD factorization at large and small QT

Finite-order (FO) factorization

Λ2
QCD ¿ q2

T ∼ Q2

H
f(x)

f(x)

Small-qT factorization

Λ2
QCD ¿ q2

T ¿ Q2

P(x; kT )

P(x; kT )
S HH

Solution for all qT :

P(x; kT )

P(x; kT )
S HH H

f(x)

f(x)

P(x; kT )

P(x; kT )
S HH+ −

FO
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Factorization at QT ¿ Q
(Collins, Soper, Sterman, 1985)

Realized in space of the impact parameter b

dσAB→V X

dQ2dydq2T

∣∣∣∣
q2
T¿Q2

=
∑

flavors

∫
d2b

(2π)2
e−i~qT ·~bW̃ab(b,Q, xA, xB)

W̃ab(b,Q, xA, xB) = |Hab|2 e−S(b,Q)Pa(xA, b)Pb(xB, b)

Hab is the hard vertex, S is the soft (Sudakov) factor, Pa(x, b) is the
unintegrated PDF

P(x; kT )

P(x; kT )
S HH

For b¿ 1 GeV−1, W̃ab(b,Q, xA, xB)
is calculable in perturbative QCD; at Q ∼MZ ,
this region dominates the resummed cross
section
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Nonperturbative contributions at large b

At b & 1 GeV−1, the leading
nonperturbative contribution is
approximated as exp

(−a(Q)b2
)
, where

a(Q) is an effective “nonperturbative
parton 〈k2

T 〉/4” inside the proton

The RG invariance suggests that

a(Q) ≈ a1 + a2 lnQ,

where a1,2 ∼ Λ2
QCD, and a2 is

process-independent

The lnQ growth of a(Q) is indeed
observed in the Drell-Yan and Z pT

data
5 10 20 50 100 200

Q @GeVD

0

0.2

0.4

0.6

0.8

1

1.2

a
@G

eV
2
D

E288
E605

CDF Z
D0 Z
R209

Konychev, P.N., 2005

a
2
 = 0.19 GeV2
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An example of the resummed cross section
Z production at the Tevatron vs. resummed NLO (Balazs, Ladinsky, PN, Yuan)

These predictions for dσ/dQT are employed in MW measurements
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