A NLO Calculation of pQCD:
Total Cross Section of PP - WT4+ X

C.—P. Yuan

Michigan State University
CTEQ Summer School, June 2002

Outline

1. Parton Model

= Born Cross Section

2. Factorization Theorem

= How to organize a NLO calculation of pQCD
3. Feynman rules and Feynman diagrams

= " Cut diagram” notation

4. Immediate Problems (Singularities)

= Dimensional Regularization

5. Virtual Corrections

6. Real Emission Contribuation

7. Perturbative Parton Distribution Functions
8. Summary of NLO [O(as)] Corrections



Appendices:
A. ~v-matrices in n dimensions

Some integrals and "’ special functions”

B

C. Angular integrals in n dimensions

D. Two-particle phase space in n dimensions
E

Explicit Calculations

(Typesetting: prepared by Qing-Hong Cao at MSU.)

A few references can be found in
"Handbook of pQCD”
on CTEQ website

http://www.phys.psu.edu/~ cteq/



Parton Model

Ohh/ —-W+X =

Ohh!—W+X = ff’zqqfol dxidxsy {¢f/h (5131) &ff/qb]a/h/ (1‘2) + (331 — SCQ)}

Partonic ”Born”
Cross Section of ff — W+

The probablility of finding a ”parton” f with

fraction z; of the hadron A momentum




Born Cross Section

~ 1 d3q 4 4 2
aq§/=2—§/ (2m)* 6" (p1 +p2 —q) - M|

(27)> 240
where 2
1 1 1 1 Wr g
() T
A3 3v2 2/Spm Z
color

average color and spin

[Or, LM = 5 (o) \/sz(l—%) u (p1)

" Cut-diagram’ notation

2 - N sk

~ PR /

N
AR

J

l\‘(}qﬂ’YVPL —ing’)/HPL PL = %(1 — ’)/5)

2 i
= (g—g> Tr | prvuPr oy Pr] - (—g" + &) - Tr I3xs

Doesn’t contribute for m, = 0, Color
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= Tr [ p1yu b2v"Pr] (1) PP, = P = % (1—1s)
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= +2s Tr (p1 p2vs) =0
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where M is the mass of W-boson.

Thus,
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Factorization Theorem

2

Onpy — Zw’ fol dﬂ?ldﬂfg ¢z/h (.I’, Qz) Hz'j (%) ¢j/h’ (CL’Q, QQ)

Nonperturbative, IRS, Calculable
but universal, in pQCD
hence, measurable

Procedure:

(1) Compute o1; in pQCD with k,l partons
(not A, k' hadron)

Op] = %/Ol dxri1dxs gbi/k(xl,Qz)Hi' <%> qu/l <£U27 QQ)
(2) Compute ¢; /5, ¢/ in pPQCD
(3) Extract H;; in pQCD
H;; IRS = H; indepent of k,1
= same H;; with (k — h,l — 1)

(4) Use H;; in the above equation with Di /by P /h



Extracting H;; in PQCD

e EXpansions in og:

"“:éo () ol? =g
Bigie (@) = 0,0 (1~ 2) + Z( ) s
T

gb( (as = 0 = Parton k " stays itself ")

e Consequences:

0 _ _(0) _

“Born” suppress """ from now on

1 1 0) ,( 1) (0
Hz’(j) = Uz'(j) — Uz(l)gbl(/; +¢§g/)z' Jl(fj)

Computed from Computed from
Feynman diagrams the definition of
(process dependent ) perturbative parton

distribution function
( process independent,
scheme dependent)



Feynman Rules

e Quark Propagator

Take m=0in
our calculation
N P 1tm)se s
i, o N pPomefic Y
(1,)=1,2,3)

e Gluon Propagator

SRR Cods,,

v,a 1L, b k2-+ie
(a,b=1,2...,8)

e Quark-W Vertex

1, o
W, P2 () e 52265
JP Ju = Smee , weak coupling
e Quark-Gluon Vertex
1,
C, [
G —1g (tC)jz’ (’Yu)ﬁa
7,8 .
te is the SU(N)nxn generator
e Quark Color Generators
[taa tb] = 7:fabctc
N?2—-1 4
2 =Crl Crp = =—, (N=3
Z c FINXN r SN 3 ( )
C

Tr(th) = NCp



Feynman Diagrams

Born level o0 (99) Born,

2

NLO:  (a$Y)  virtual corrections (qq)yir

>m + E>Ww + %M + %M
NLO: (oY) real emission diagrams (90" real

e 3]

NLO: (a§1>) real emission diagrams (¢G) eqi

% ‘ ;}—{
NLO:  (afY)  real emission diagrams (Gq'),eq;

>
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In " Cut-diagram’” notation

(qa)Born
(qa)m’rt J

2 X Re >m w@+;>«m wé+;>m Mé
(@@t / /

(qG)rea/l / / /
i
&° S

(G?)real
Same as (¢G),., after replacing q by ¢'.




Feynman rules for cut-diagrams

quark line
—— P
P (2m)8* (p* = m?)( p + m)sadi;
_ ’ 8(p® — m?*)8(po)
gluon line

V;mﬂ%%m b (2)0" (k) (— g )b
: 1,

W-boson line

W (2m)6* (¢* — M?)(—gw + §)
v i

Doesn’t contribute for m; = 0
because of Ward identity

i(g+m) —i(ptm)

2_m2+tie 2_m2—ie
p




Immediate problems (Singularities)

e Ultraviolet singularity

(Uv) o0
. kK
f ~ / YD)

e Infrared singularities

(IR) 2
+ — 0
I
/p‘ '

as k" — 0 (soft divergence)

or k* || p# (collinear divergence)

1 1
(p—k;)Q—mQZ—Qp-k: (for m =0 or m # 0)
p-k— 0 as

k— 0 or kM| p* (for m =0)
k — O (for m #= 0)

(Similar singularities also exist in virtual diagrams.)

e Solutions
Compute H;; in pQCD in n = 4 — 2¢ dimensions
(dimensional regularization)

(1) n #4 = UV & IR divergences appear as % poles
in ai(}) (Feynman diagram calculation)

(2) Hy; is IR safe = no 1 in H;;
(H;; is UV safe after " renormalization”.)
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Dimensional Reqularization
(Revisit the Born Cross Section in n dimensions)

n—1 -
~0) _ 1 d""q 5 \n o gn N

In n-dim, the polarization degree of freedom
is (2) for a quark, and (n-2) for a gluon.

Using the Naive-~° prescription:

Tr [ p1yuPr p27"Pr] (—1)
=Tr [ prvu p27"Pr] (1) Y P27 = =2(1 —¢) po
=(-2)(L—e)Tr[p1 p2Pr] (-1)

=(-2)(1-) 5 4G ) (-1)
=2(1l—-¢)s
In n dimensions

Ot = 155%w (1l—¢e)-6(1—7T)=o0 o(1—7)



Strong Coupling g in n dimensions

e In n dimensions

/ d x L

— [ @ {Fi 9o - GG + gt T Gt + - |

The dimension in mass unit (u)

[] ~ 2

[@Gw_ N Iun;l ><2_|_'n,52 _ IM%_

Since [gzZGzp] ~ u™ | SO

[Q]N,LL_Tn_F2 n—=4—2¢

p— ILLg
= g has a dimension in mass when € =0

— Feynman rules should read g — gu®



Calculations

e TooOls needed for a NLO calculation
are collected in Appendices A-D

e [ he detailed calculation for each
subprocess can be found in Appendices E

e In the following, I shall summarize
the result for each subprocess



Virtual Corrections (qg@) ;¢
(in Feynman Gauge )

Land L - poles cancel when ey = —ejp = ¢

€IR

1 cancel = Electroweak coupling is not
renormalized by QCD interactions

Euv

at one-loop order
(Ward identity,
a renormalizable theory)

L poles remain

o1 is free of ultraviolent singularity.

virt

g
- — (0)%5(1_7_) 41 2 F(1—¢)
Tvirt = 27 M2 ) T (1—2¢)

.{_3_5_8+_2}.(CF)

g2 ¢

. soft and collinear singularities

soft or collinear singularities

oW m|[\)

Cr: color factor

J(O) = 1g§gw (1 - 8)



Real Emission Contribution (¢@’),.,;

o
—~~— = (Collinear
E
S 1
—— = Soft and Collinear
Q e
o

2 g
(D) (p7) = @ % (Amu™) T(@A—¢)
O real (QQ) =0 o ( M?2 r(]_ _ 25) F

2 . 2 147 = In(l—?)) S
{525(1 7 6(1—?)++4(1+T)< 1-7 /4 21—?””

Note: [---], is a distribution,

1 1
dz f(2) |— = [ LB =T ih s finite.
1 -
0 Z1 4 0

l—2z
e In the soft limit, 7 — 1 (7= M{),

2 g
) [ ~ (0)%s [ A4TH rd-e
real (qq) — 0 o ( M2 (1 —2¢) F

J2 - 4 1 In(1—7)
{525(1 ) 5(1—$)++8( 17 )+}
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(qa,)m'frt T (q@’) real at NLO

aé;) — O—q(nlr)t (qq/) + regl (qq)

. ~2 ~2 =
{ 2(1+i> —21+i|n$+4(1+$2)(M>
€ 1—-7 n 1—-7 1-—-7 +

Where we have used

2 1472 —2 (1472
- [(1—T>++ 5(1_7)] : (1—%>+

All the soft singularities (%,1) cancel in 0( )

= K LN theorem
(Kinoshita-Lee-Navenberg)

1

aé(;) ~ — (term) 4 finite (terms)
3
T



Factorization Theorem

e Perturbative PDF

68 = 0w (1 — )

%cbf/lk) can be calculated from the definition of PDF.
(Process independent,but factorization scheme dependent)

(1)

(2)

= Hy =off - [phH + B 8]

Finite Divergent



Perturbative PDF

e In MS-scheme (modified minimal subtraction)

1, N _ (1), _ —11 i\ E (1)
Safa () = 0377 () = 5 (4meT%) Pocsq (2)
(1), _ (1), _ —11 —r\E (1)
Safa () = 9g/5 () = 5 (4me7) Pyy (2)

p

R
where the splitting kernel for IS
Da

1 2
Pq(i)q(z)ZCF< +Z>
+
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1—|—z2 3
:CF —|——5(1—Z) )
27
and for p¢gggq IS
P

°g

Pq(<1—)g (z) =Tg (z2 + (1 — z)2> :

where Cp = 5 and Tk = 3.

Note: The Pole part in the MS scheme is

1 1 — — 1
?—5(47'('6 fYE)g—E+In47T—’YE

In the MS scheme, the pole part is just %



Find H(l) (in the MS scheme)

e Take off the factor (%)

M? 1
1 1) ,~
Jéa) = o {Pq(<—)q (7) [In (_M2 > Tz +ye—1In 47r]

72 -7 72
A naenn) (H52) (5 4) s o))
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1) j=y — (D (1) (0)
HqCY’ (7) = 97 — [2¢ }

q—q9,
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?:M = M , 0(0)28(0)'(1—8),
s 1228
2
1
50 — T 2 _ Tuw

1257 = 108 z1ms
e PQCD prediction

Ohhy = { Z /dxldmgqbf/h (acl,,u2> [0(0)5 (1-— ?)] Pr (xg,u2>

f=a,q

o 2 (#2) oy o 2
+ Z /dx1d$2¢f/h 331,,“) THJC]F (T) <bJ?/h/ (x27M>

f=q,q |

s (“2) (1) /1~
+ Z /dmldw2¢f/h 1, U ) - HfG (’T) ¢G/h’ (3}2,/,LQ> —|— (CIJl <~ 332)

f=q,q |



Find H? (in the MS scheme)

e Take off the factor (O‘S)

T

1 —1 (11— M2 (1 —7)2
oD =@ .2 Jop® (7 (L—e) o, M j)
q 4 e (1-—2¢) 42T

1 7
+5+37 - 5#}

Hug (7) = 005 — [o30 85 ]
— ? . {Pq(i)g (%) [m (f-j) + In ((1 :)2>]
)
e Similarly,
Heg =063 — (6300047 |
— Hq(cl;)

Note: If we choose the renormalization scale p? = M?,
then In (H ) =0



*

CDF and DO would like to use
their W and Z cross sections
for luminosity determination

DO cross sections close to
center of PDF prediction
ellipse; not the case with CDF

o, [nb]

W and Z production

MSU study
N
8.0_— —_
- PDF uncertainty i
L ellipse (T=10) | /'CDF ]
75— —
i S ]
|
I | ]
L | | i
70— o [ —
L ~: =7 —>»CDF rescaled
i to DO lum ]
6.5 ARy definition —
o —» DO ]
6.0 -
-I 1 1 I|I 1 | I|I 1 1 | 1 1 1 1 | 1 I-
20 22 24 26
oy [nb]

J. Pumplin, D. Stump, R. Brock, D. Casey, J. Huston,

J. Kalk, H.L. Lai, W.K. Tung: hep-ph/0101051



Summary

e ¢z, p?) depends on scheme (MS,DIS,...)

= H;; scheme dependent

e FEvolution equations allow us to perdict

¢°—dependent of ¢(z, ¢2)

e Essentially identical procedure for
hh! — jets, inclusive QQ,...
But, when the Born level process involves
strong interaction (eg. qg — tt),
it is also necessary to renormalize the
strong coupling ays, etc, to eliminate

ultraviolate singularities



Appendix A
v-matrices in n dimensions

e Dirac algebra

(" =M A =29

w,v=1,2,---.n g = diag (1,—1,---,—1)
g.uyg'wj —n
"}, =0 (Naive-~®prescription)

This works in calculating the inclusive rate of W-boson ,

but fails in the differential distributions of the leptons
from the W-boson decay.

e Matrix identities

n=4—2¢
Yo V=21 —¢€) d

Yo APV = 4a-b—2edp
Yu AP =-2¢pd+2ecd p¢

e J[races

Trd pl =4 (a-b)

Trid b ¢ Al =4{(a-b)(c-d)—(a-c)(b-d)+ (a-d)(b-c)}
Trys & p] =0



Appendix B
Some integrals and " special functions”

e [ he " Gamma function”
I_(z):/ dex*le ™ (Re(z) > 0)
0

M(z—1)= r(zi

(for all z)

]

= Poles in (2)

T =m-n  r(3)=va

2
1 € 2
r (e) =;—7E+§ (’}’34‘?) + .-
(v = 0.5772---, Euler constant)

2
'_(1—6)=—6r(6)=1-|—6%+%62 (%-I—%?) +0 (&%)

2
r(1—5)r(1+s)=1+52%+0(s4)

S
Za‘:elnz =€€|nz=1+5|nz+.”

e [ he " Beta function”

()" (B)
M (a+8)

B(a,p) =

1 (0.}
B(O"B)Z/ dyyo“l(l—y)"*:/ dy y*~t (1 +y) "
0 0

2
= 2/ do (sin)?*~ ! (cos )21
0



e Feynman trick

1 ! 1
—=/ dx 5
ab 0 [ax + b (1 — x)]
1 _T(+p [, a2

ab® T ()T (B) Jo  [az+b(1— )T

e n-dimension integrals

(7o)
L,
/wz ! =/wl n

(2= M)
n

d"l 1 = rf(a=3) (1\" "2
/ (27_(_)11 (l2 _ M2)a _ 2(471')”/2 r (a) <M2>

2 2 2 2

2 _ M2)° o (12 — M2)~

ReK—lf]::I—sﬂgJ%O(ﬁ)



e "plus distribution” — to isolate 1 poles
e

_ 1
Consider a —z)1+2€
1 ! dz’' 1
:(1_2)1+26— 6(1—2) : (1_2/)1+2€+2€5(1—2)
N /
cancel
! dz’ —1
because/ T — for e — 0™
o (1—2) t2e 2e
1 1
= ——0(1—
[(1—,2)1‘|'26 L 2 ( ?)
1 In (1 — 1
= g (N = 2) +0(e%) —=—6(1—2)
(1_Z)—|— 1 -2 + ¢
1 —2¢
because W:(l—z)
— Z

=1—-2¢In(l—2)+---
e [---]4 is a distribution

1 1
/o dz f (z) ll—z N

_ 1 f(Z)_ 1 ] . . 1 dz’
_/ dzl /Od f(z)o(1 )o 1 —

0
_ [P i@
0

. which is finite.
1—=2



Appendix C
Angular integrals in n dimensions

e In n dimensions

/ d"r = / r"1dQ, 1

)
T T T 27
/ 2, = / db,_15iN"" 16, 1 / dby_2SiN""26,_o--- / df1 sin 61 / do
0 0 0 0
27
=>/d§21:/ d(b — Q1 =27
0
/dQQZ/ d@lsiﬂglfdQl — 2o = 47
0

/ A, = / df,_1sin" 10, 1 / A, 1
0

B N (g)

- Q, = from repeated use of B («,3)
r(n)

N

nt1l n—1 n n+1
= 2m because F(n):2 : 2> ( - )

(=)

l\)‘—|—



Appendix D
Two-particle phase space in n dimensions

dn—lE dn—l -
[ awdg= [ @) (g k)
PS»(p) (2m)"" " 2ko (2m)" " 2qo

with kb = (koE) etc.

n—1 =

19 _ /dnq5+<q2 — QQ) , we get

Use

2q0
[ )
1 dn—1k
dk dg = - / 5t ((p—k)* = Q7
/Psz(m (2m)" %) 2ko ( )
1 dk k"3
— AS2,-26 (5 — 2kV/5 — Q?)
(2m)" 2 / 2 / ’ ©
<p2 =5k =0 k= (ED
Use n = 4 — 2¢ , then in the c.m. frame (p“ = (\/5, 6)) ,
°

Qe dk k=2 [T 5 — Q2
/ dk dg = 2(13_)/ —— [ do(sing)t"*.5 (k— ¢ )
PS:(p) (2m)=+7¢ 45 Jo 2V/3

Use new variables:

2 =
_ ¢ y:%(l—kcose):ﬂc:g(l—z),

Z = —~
S

1 A € € (1 o 2)1—25 /1 .
dk dg = d 1
/psQ(p) T n (Q2) ri-o J, % [y (1 —y)]



Appendix E
Explicit Calculations

Consider —»%
b ok
d"k Yu (— E)
(2m)" (k2 +ie) ((p — k)* + ie)
d"k / (2—n)(p— k)
(2m)" [k2 — 2k - zp]?
_/ d"l / (2-n)[(L—=z) p— 1]
(2m)" [12 + i€]?
n dnl 1
-[(-3)4]-

(

(2m)" [12 4 ie]?

!

o

|

of— and L

Euv €IR

(I =

k — xp)

Because there is
NO Mass scale

Due to cancellation )

Trickc A= A—-B+ B

d"l [1 - 1 ]+[ 1 ]
em" | Le2)? @ -A2?] " 2 -A2)?]
IR dTv. UVGiv.

1

1672

( 1
€IR

)+

1 1
167 EUV 7

(

n—4=2€13
4—n=2€UV



® consider the real emission process

Define the Mandelstam variables
5= (p1+p2)°= 2p1-po
t=(p1 —p3)® = —2p1 -p3
i = (p2 —p3)® = —2p> - p3

After averaging over colors and spins

5 1 1) /1 1 o
M —\(2(1_6)2> <3 8) T?"(tt) (91°)°

Spin Color

g5 -2 (1 —¢)

~ 7 D
: [(1 —€) <—i— i) — 2u£4 + 28]
t s t

S

Note: The d.o.f. of gluon polarization is 2 (1 — ¢),
and that of quark polarization is 2.



In the parton c.m. frame, the constituent cross section

G = —| M| (PS2)

1
25
1{11 2, 2 2

—_—_ . {Z.2.92 1—¢)-
-5 17 g 29 g (1 —¢)

1 (4r\° 1 _, 1o 1 _
-{8W (MQ) A=A /O dyy (1 — )] }

where y=1(1+ coso)

P1
—> _
M? -
S

and
' r(14+a)F (1+73)
dyy® (1 —y)’ = ,
A yy* (1 —1y) F2t ot )
we get
0@ [op) o [F1 T (A —0) M?(1—7)?
7aG =9 g {QPCF_Q () [ e M(1—2¢) +in AT
3. 3.,
—l_ 5 + T — 57_ } 9
with

1
PO, (7 =5 [P+ (1 -7)7]

~0)_ T o1
o = 109w





